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Abstract

Analysing ecological and epidemiological models is complicated by the multiplicity of states that can be excited in the
interaction between model nonlinearity and external forcing. This multiplicity, typically created by a hierarchy of subcritical
subharmonics, can lead to high amplification of the forcing signal and complex switching under chaos and stochastic exter-
nalities. Our objective is to understand the structure of these possible modes of system oscillation, in particular the conditions
under which they appear and disappear. The analysis is carried out by transforming the problem into a problem of locating
the resonances of the system under variable period forcing. The hierarchy of resonances identified has a well defined generic
structure based on the natural period of oscillation of the model, whether stable or unstable when isolated. The usefulness and
simplicity of this approach is illustrated in a discussion of a range of human diseases.
© 2003 Elsevier B.V. All rights reserved.
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1. Introduction

The interplay between the internal nonlinear dy-
namics of ecological systems and various external
factors that affect them, makes understanding popu-
lation fluctuations a unique and challenging problem
[1]. The most common manifestation of external
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forcing is through seasonality, including yearly vari-
ations in human activity (e.g. the school year cycle).
Multiyear forcing can also occur, both naturally (e.g.
the North Atlantic oscillation, the ice age cycle) and
induced (e.g. forestry harvesting). The dynamical
consequences of regular and stochastic external forc-
ing are still poorly understood as are the underlying
causes of the complex dynamical patterns that can
occur in ecological models once forcing is applied.

Progress, however, has been made, particularly in
the study of childhood diseases, using simple non-
linear models. Dietz[2], for example, studied the
SIR model and Schwartz and Smith[3] the SEIR
model to understand why diseases such as measles
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and rubella were cyclical, typically peaking every 2
years in the case of measles and every 5 years for
rubella in pre-vaccination data. These models do not
have periodic solutions unless periodically forced,
in which case they can then generate subharmonics,
i.e. oscillations with period an integer multiple of the
forcing period [4]. By simulation, Dietz[2] estab-
lished the existence of a period 2 subharmonic for
the SIR model with annual sinusoidal seasonality.
The result was extended to the SEIR model by Aron
and Schwartz[5]. They followed the subharmonic
through a sequence of period-doubling bifurcations,
a process leading to chaos[6]. In fact it was shown
that subharmonics of all orders were possible and that
more than one could exist simultaneously to create a
multiple limit cycle system. An approximate algebraic
integral condition for the existence of these subhar-
monics was obtained[3]. Step function seasonality
has also been considered (to model more closely the
school cycle) in the comparative study of childhood
diseases by Keeling et al.[7], allowing the problem
to be analysed as switching between attractors.

One important question raised by childhood and,
indeed, other human diseases[8] is what determines
which subharmonics dominate in given situations. The
standard method of approach, to address this prob-
lem, is based on the bifurcation diagram in which one
characteristic of a population variable (e.g. time-sliced
value or maximum value) is plotted against one or
more model parameters. Kamo and Sasaki[8], for ex-
ample, took the bifurcation parameter to be the forcing
amplitude (δ) and Earn et al.[9] the average contact
rate (β0) (as a proxy for birth rate) while Kuznetsov
and Piccardi[10], in their two-dimensional study, var-
ied bothδ andβ0. Although such diagrams provide
a geometric map of the bifurcations and show how
they are connected (particularly[10]) there is little in-
sight provided into why the diagram has the shape and
structure that it has.

In this paper we present an alternative approach
based on the familiar concepts of natural period and
resonance rather than the complexities of bifurca-
tion structure. This approach requires the model to
be scaled to create a system with variable forcing
period. The behaviour of the system is then defined

by its hierarchy of nonlinear resonances[11]. This
hierarchy has a transparent structure based on one
key index, the natural period of oscillation of the sys-
tem. The properties of the original (unscaled) model
are obtained directly from the structural properties of
the resonance hierarchy. This hierarchy is thought to
be a feature of forced nonlinear differential equation
systems in general, not just the S(E)IR model. The
resonance approach is, therefore, likely to have wide
applicability.

The paper is organised in the following way. In
Section 2we review the properties of the forced SIR
model, using the bifurcation diagram approach to
study its subharmonic states and the noise-induced
switching between them. InSection 3.1we explain
the resonance approach, using the forced SIR model
as a simple example to illustrate the methodology.
In Section 3.2we compare and contrast the bifur-
cation and resonance approaches and derive a set of
simple rules to enable the resonance diagram to be
sketched without the need for exhaustive simulation.
In Section 3.3we show the power of the resonance
method by providing a simple explanation for why
different diseases have different characteristics. In
Section 4we broaden the discussion by analysing
models other than the S(E)IR model. We find that
the same resonance structure is present in higher di-
mensional models, in models where externalities act
through demographic terms, in models where the in-
teraction terms take different functional forms and in
ecological as well as epidemiological models. Even
when the model is unstable when free, the resonance
hierarchy can still be clearly identified when external
forcing is applied.

2. The externally driven SIR model

2.1. The role of subharmonics

Consider the model[2] defined by the equations

dS

dt
= µ− µS − βIS, (1a)

dI

dt
= βIS − γI − µI, (1b)
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dR

dt
= −µR+ γI, (1c)

whereS, I and R denote susceptible, infectious and
recovered populations, respectively. Since the natu-
ral birth and death rates are chosen equal (µ) and
there is no infection-induced mortality, the total pop-
ulation: H = S + I + R is constant and we nor-
malise it to 1. Hence, only two of the three model
equations are independent and need be considered in
the analysis. Parameterγ is the rate of recovery from
infection while β is the infection transmission con-
stant (contact rate). When infection transmission is af-
fected by external conditionsβ becomes a function
of t. In the simplest case of seasonality we suppose
that

β = β0(1 + δ cos(2πt)) (1d)

with β0 andδ constant and 1 year as the unit of time.
Parametersγ,µ, β0 will be referred to, collectively, as
the model parameters andδ as the (external) forcing
parameter.

When there is no external forcing (i.e.δ = 0) the
system possesses a point equilibrium located at

S = 1

R0
, I = φ

(
1 − 1

R0

)
,

R = (1 − φ)

(
1 − 1

R0

)
, (2)

whereφ = µ/(γ + µ) andR0 = β0/(γ + µ), the
basic reproductive rate[12]. This equilibrium is stable
when relevant, i.e. when the infection rate exceeds the
combined death and recovery rates at the start of the
infection (R0 > 1).

When the magnitude of the external forcing param-
eter δ is sufficiently small the system responds with
oscillations of the same (annual) period as the external
force. (We will refer to this as the base mode.) How-
ever with largerδ, simulation shows that stable subhar-
monics can be generated in which the system oscillates
with a period that is an integer multiple of that of the
external force[2]. This phenomenon is illustrated in
the bifurcation diagram ofFig. 1a where the maximum
of I (the infectious population) is plotted against the
forcing parameterδ for each subharmonic in a hierar-
chy of subharmonics ranging from period 3 to period

Fig. 1. The bifurcation diagram (maxI vs. seasonalityδ) for the
SIR model ((1a)–(1d)) showing the hierarchy of subcritical sub-
harmonics when (a)(γ, µ, β0) = (40,0.01,500), δ < 0.16; (b)
(γ, µ, β0) = (40,0.01,1300), δ < 0.22. In (a) and (b) thicker line
sections indicate period-doubling to chaos. Numbers denote the
subharmonic period. In (b) there is subcritical period-doubling.
Line AB indicates an unstable period 2 limit cycle. (c) Complete
SIR bifurcation diagram for 0< δ < 1. Parameters as in (a).

9 in the interval 0< δ < 0.16 [8]. These subharmon-
ics emerge one by one through saddle-node (tangent)
bifurcations in which a pair of limit cycles is created,
one stable the other unstable. They are therefore sub-
critical [4] and appear without warning as the external
force increases in magnitude. They do not neces-
sarily appear in order of increasing period because
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of the possible concavity of the saddle-node point
envelope.

There are three special properties of these subhar-
monics that should be noted. Firstly, the amplitudes of
the subharmonic oscillations are all greater than that of
the base mode (period 1). For example, inFig. 1a, the
period 9 oscillation achieves a maximum population
during its cycle 30 times greater than that of the base
mode. Secondly, with the emergence of subharmonic
modes, the system can have a choice of stable peri-
odic states. It then becomes multistable. For example,
for δ = 0.05, there are four accessible stable modes
of oscillation with periods 1, 3, 4 and 5 while for
δ = 0.13 there are three modes with periods 1, 3 and
9 (Fig. 1a). However, generally speaking, high period
means small basin of attraction and hence a significant
probability of switching to other modes of oscillation
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Fig. 2. Switching between SIR subharmonics. Instability leads to switching: (a) period 4 to period 3(δ = 0.06); (b) period 3 to period 1
with chaotic transient(δ = 0.17). Model parameters as inFig. 1a.

in the presence of noise[13]. Thirdly, with increase in
δ the subharmonics apparently disappear as suddenly
as they originally appeared. Simulation shows that this
is brought about through period-doubling leading to
chaos. Having reached chaos the system then seeks
out an alternative but stable periodic state. For exam-
ple whenδ = 0.06 the system switches from the now
unstable period 4 to period 3 (Fig. 2a). The transient
component of the time-series (Fig. 2a) suggests that
the system is seeking the base mode but has to settle
for the period 3 mode. InFig. 2b, whenδ = 0.17, the
system switches from period 3 to period 1, the base
mode being the only stable periodic state available at
this value ofδ. In this second example the transient
is chaotic (as confirmed by local Lyapunov exponent
calculation), indicating the presence of a chaotic re-
pellor [1,6,14,15].
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The subharmonic structure evident inFig. 1a is ro-
bust to changes in the transmission constantβ0. How-
ever, if β0 is decreased then less external forcing is
required to excite a subharmonic but it has lower am-
plitude when excited. Conversely, ifβ0 is increased
then bothδ and the amplitude are greater for a given
subharmonic (Fig. 1b). One new feature with increase
in β0 is that the base mode (present for all values of
δ in the relevance interval 0< δ < 1 in Fig. 1a)
bifurcates through period-doubling and the period 2
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Fig. 3. The effect of noise on SIR subharmonic modes. (a) δ = 0.05,S.D. = 0.002: switch from period 4 to period 3; (b), (d) and
(f) δ = 0.05,S.D. = 0.003: cycling between periods 3 and 1; (c) δ = 0.05,S.D. = 0.04: bursts of differing periodicity (1, 3, 4); (e)
δ = 0.17,S.D. = 0.005; weak noise excites base mode back into chaos. (S.D.: noise standard deviation; other parameters as in Fig. 1a).

oscillation so created eventually becomes subcritical
(Fig. 1b). This allows the possibility of hysteresis [4]
to take place, with the system “ jumping” between pe-
riod 1 and 2 oscillations with slow variation in δ over
an interval covering both points A and B in Fig. 1b.
In addition to the oscillatory modes conforming to the
hierarchical structure illustrated in Fig. 1a and b other
subharmonics have been found seemingly bearing no
relation to the hierarchy and stable only for short in-
tervals in δ. Two such modes are shown in Fig. 1a,
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with period 7 occurring around point A and period 9
around point B (Fig. 1a). Their significance will be
discussed in a later section.

For large enough δ (δ > 0.2 in Fig. 1c) the domi-
nant behaviour is chaotic punctuated with windows of
periodicity. Each new chaotic interval is triggered by
a subharmonic progressing through a period-doubling
sequence, each such subharmonic forming part of the
hierarchy previously identified [16,17]. For δ close to
1 in Fig. 1c the maximum infectious population is
roughly 150 times the maximum level achieved in base
mode.

2.2. The effect of noise

We have seen that even small changes in regular
external forcing can have a dramatic effect on the be-
haviour of the system, by exciting large amplitude
subcritical subharmonics. Weak noise can also have
a disproportionate effect, for example by sustaining
otherwise decaying oscillations [18–20]. To determine
what happens when both weak noise and regular forc-
ing are present, the model was discretised and mul-
tiplicative white environmental noise added to each
equation. One might have expected that, with high pe-
riod subharmonics vulnerable to being “kicked” out
of their narrow basins of attraction, the system would
spend most time in base mode, which has an exten-
sive basin of attraction, trapped there by the weak-
ness of the noise. This, in fact, does not necessarily
happen as can be seen from Fig. 3a (S.D. ∼ 0.002;
S.D. = standard deviation) where the period 4 oscil-
lation switches to period 3 (rather than period 1) after
the noise is activated and this remains the case for less
weak noise (S.D. ∼ 0.005). However there is an in-
termediate range of noise strength (e.g. S.D. ∼ 0.003)
where the system approaches base mode but it can only
do this by cycling between a period 3 and period 1
configuration (Fig. 3b, d and f). This is the opposite of
“stochastic resonance” [21] since, in this case, switch-
ing between bistable modes suppresses the amplitude.

In a recent paper [15] it has been shown that noise
applied to periodically forced systems can induce per-
sistent chaotic behaviour in parameter regions well be-
low the normal chaotic region. A sufficient condition

for this to happen is the presence of two unstable pe-
riodic attractors associated, through period-doubling
or saddle-node bifurcation, with stable periodic attrac-
tors. Whether this is a new system mode or a more
precise way of describing noise-induced switching be-
tween modes merits further study.

It is important to note that noise primarily affects
the amplitude rather than the periodicity of the sys-
tem fluctuations [22,23]. This is true even for much
stronger noise (S.D. ∼ 0.04) when the system expe-
riences bursts of periodic activity, switching between
periodic modes, occasionally exciting period 4 and pe-
riod 6 subharmonics (Fig. 3c).

With forcing parameter δ increased to a level where
it is only the base mode that is stable (e.g. δ ∼ 0.17)
the effect of even weak noise is to excite the base
mode back into the chaotic state (Fig. 3e). The base
mode is then intermittent [24] and the chaotic repellor
has effectively been turned into an attractor [1]. With
stronger noise, chaos can be intermittent with unstable
higher period subharmonics.

3. The resonance approach

So far we have been content to describe rather than
explain the deterministic behaviour of the SIR model.
A deeper understanding can be obtained by transform-
ing the model into one with resonant behaviour. This
is achieved by scaling model Eqs. (1b) and (1c) by a
constant factor p−1, absorbing this factor within the
model parameters: γ ′ = γ/p,µ′ = µ/p, β′

0 = β0/p

on the right-hand sides of the equations and by rescal-
ing time: t′ = tp on the left-hand side (and then, for
convenience, dropping the primes). The equations then
become

dI

dt
= βIS − (γ + µ)I, (3a)

dR

dt
= −µR+ γI, (3b)

β = β0

(
1 + δ cos

(
2πt

p

))
. (3c)

In the following analysis the new model parameters
are fixed as p is varied. This means that we are tracing
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a path through the original parameter space. Each
value of p refers to a different member of the family
of models defined by Eqs. (1a)–(1d). Systematically
combining together the behaviour of the models on
this path leads to a remarkably simple explanation of
model behaviour. We have a model in which there
is an external force with period, p, now a parameter.
Varying this parameter reveals the many resonances
excited by the external forcing.

3.1. The resonance diagram

We investigate the properties of model ((3a)–(3c))
by constructing its resonance diagram [11], with
the maximum infectious population, max I, plotted
against the external period p for different values of δ.
In Fig. 4a such a curve is shown for low δ (δ = 0.025)
and for the parameter values of Fig. 1a. There are three
resonance peaks formed from the interaction between

Fig. 4. SIR resonance diagrams for model ((3a)–(3c)) when (a)
δ = 0.025; (b) δ = 0.05. Model parameter values as in Fig. 1a
(p0 = 2.93). Light dotted lines denote cyclic instability. The
vertical lines: p = (m/n)p0 intersect the p-axis at the resonance
roots.

the external force and the natural mode of oscillation
of the system. Although the isolated system is stable
it typically reaches equilibrium through decaying os-
cillations. If their period is denoted by p0 (the natural
period of oscillation) there is resonance when p ∼ p0.
Because of nonlinearity there is resonance also when
p ∼ p0/2 and p ∼ 2p0. For the model shown in
Fig. 4a, p0 ∼ 3 and hence the peaks are located at
p ∼ 1.5, 3 and 6. Nonlinearity not only produces mul-
tiple resonances but it also distorts the vertical shape
of the familiar resonance curve found in linear theory,
creating the “breaking wave” profile shown in Fig. 4a.
This distortion also occurs in nonlinear mechanical
and electrical systems as the analysis of the nonlinear
pendulum shows [11,25,26]. The distortion bends the
resonance peak to the right, to larger values of p, while
the base of the resonance is anchored at the point on
the horizontal axis through which the axis of the res-
onance would pass if the resonance were vertical and
undistorted. We will refer to this point as the “ root”
of the resonance. For the nonlinear pendulum the
property of leaning to the right is the result of dissi-
pation [11], a likely explanation for the SIR model as
well. The distortion of a resonance peak creates mul-
tiple states, as can be seen by taking vertical sections
through the peak (e.g. MM in Fig. 4a). For each value
of p lying in the “shadow” of the resonance there are
three asymptotic states. The highest and lowest states
are stable and the intermediate state unstable.

In interpreting the resonance diagram of Fig. 4a
one should keep in mind the fact that there are three
periods of interest: the natural system period p0, the
external forcing period p and the period of the system
response, ps. For the dominant peak, where the forcing
period matches the natural period (p ∼ p0) the system
responds to the external forcing with oscillations of
the same period (ps = p). However, for the peak at
p ∼ p0/2 a subharmonic with period 2p is generated.
The question naturally arises as to how these different
system responses fit together on the continuous part,
AB, of the resonance curve as p is varied (Fig. 4a).
Detailed examination shows that at the start of the
first resonance (at point C) there is period-doubling,
generating the period 2p peak. At the peak itself (D)
there is a saddle-node bifurcation connecting the stable
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and unstable pair of period 2p limit cycles. At point E
there is a pitchfork bifurcation [4] in which unstable
period p and period 2p cycles combine to generate a
stable period p oscillation. At the second peak (F) and
at the lower point G there are saddle-node bifurcations.

Also to be noted in Fig. 4a is an apparently isolated
section of the resonance diagram where the system
executes oscillations of period 3p. The significance of
this component can be understood more clearly from
the resonance diagram of Fig. 4b for the same model
parameters as in Fig. 4a but for higher external forc-
ing (δ = 0.05). There is now a proliferation of the
isolated components, including not only period 3p but
also periods 4p and 5p. They are in fact rooted to
the family of points p = p0/n (n = 3, 4, 5, . . . ) on
the p-axis and can be thought of as generalised reso-
nances, “ spray” rather than the “breaking waves” of
the resonances grounded in base curve AB.

When δ is increased, the root of a resonance stays
fixed (since p0 does not depend on δ) but the resonance
gains in height, while maintaining its slope, and broad-
ens out, particularly at the base (compare Fig. 4a and
b). In addition, more spray components are accessed,
they are stretched in length in both directions and a
succession of period-doubling bifurcations occur on
each component, spreading from the centre. This cre-
ates a nested hierarchy of subharmonic sections with
eventually an innermost section for which the system
is chaotic. This mirrors the behaviour found in the cor-
responding bifurcation diagram. As δ is increased in
Fig. 1a, each subharmonic follows the period-doubling
route to chaos.

Conversely, if δ is decreased to zero then the sub-
harmonic components disappear and the period 2 res-
onance rooted at p0/2 shrinks in width and height un-
til it also finally disappears, leaving the resonance at
p0 as the last remaining structural feature of the reso-
nance diagram.

3.2. Interpretation

The connection between the two visualisations, the
bifurcation diagram and the resonance diagram, can
be made by taking the vertical section of the resonance
diagram with the line p = 1 (LL in Fig. 4a and b).

The intersections of this line with the resonances in-
dicate which modes are likely to be active for the SIR
model with the same model parameters as the reso-
nance model ((3a)–(3c)) and the same δ defining the
resonance diagram. For example in Fig. 4a there is in-
tersection with only base mode (period 1) consistent
with Fig. 1a where the vertical line: δ = 0.025 also
only intersects base mode. In Fig. 4b, however, there
is intersection with subharmonics with periods 3, 4
and 5 as well, consistent with Fig. 1a with vertical line
δ = 0.05.

Which subharmonics can be accessed depends cru-
cially on the value of p0. In Fig. 4a and b it is about 3
in value but this can change significantly with change
in model parameters. This natural period p0 can be
calculated from the formula

ε = R0φ, θ =
√
(ε− φ)− ε2

4
,

p0 = 2π

θ(γ + µ)

(see (2) for definitions of R0, φ). One conclusion we
can draw from the resonance structure illustrated in
Fig. 4a and b is that if n − 1 < p0 < n (n integer;
n > 2) then the intersection line LL (Fig. 4b) is not
likely to intersect subharmonic components with pe-
riod less than np, since these components have their
roots to the right of line LL and “ lean” to the right.
Therefore, the most likely subharmonic to be excited
is the stable accessible subharmonic with the lowest
period above the natural period (ps = np ∼ p0). The
external seasonal forcing term will tend, therefore, to
sustain the otherwise decaying natural oscillations of
the SIR model, a property in common with stochastic
forcing [18]. This similarity in behaviour is evident in
Figs. 2a and 3a.

It is also clear that the condition for there to be a
subcritical period 2 subharmonic for the SIR model
with p = 1 (as in Fig. 1b) is that p0 < 2 for then the
root of the period 2 resonance lies at p0/2 to the left of
the line LL. If δ is progressively reduced then the res-
onance shrinks until its base lies wholly to the left of
LL, at some point ceasing to intersect LL, thereby cre-
ating a (subcritical) saddle-node bifurcation (Fig. 1b).
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If p0 is greater than but close to 2 in value then as δ is
decreased the base of the period 2 resonance shrinks
to lie entirely to the right of LL and in so doing the
(supercritical) period-doubling bifurcation (from pe-
riod 1 to period 2) is reversed.

The resonance diagram contains much more infor-
mation about the original family of SIR models than
is embodied in the intersection properties of line LL.
In fact, if we take any vertical section (say, by the line
p = a) then the behavioural modes intersected are ac-
tive for the SIR model with parameters obtained by
scaling up by factor “a” the parameters used in the res-
onance model ((3a)–(3c)) to construct the resonance
diagram. For example, if we take a = 0.95 (in Fig. 4b)
then the line p = a does not intersect the resonant pe-
riod 3 component and hence for the SIR model with
parameters

v = (γ, µ, β0) = (0.95)(40, 0.01, 500)

= (38, 0.095, 475) = (0.95)v0,

v0 = (40, 0.01, 500),

this mode will not be excited by seasonal external
forcing for the given value of δ. As a second example
consider the intersection of the resonance curve with
the line p = 6.6 in Fig. 4b. This line intersects two
overlapping distorted resonance peaks (p ∼ p0, p ∼
2p0) indicating the existence of five cyclic states with
the same period (p = 6.6), all equal to the external
forcing period. Three of these cycles turn out to be
stable and two of them unstable. This means that the
SIR model with parameters: v = (6.6)v0 has three
active stable cycles of period 1. As a third example,
it is clear that only for those SIR models from the
family corresponding to the resonance diagram of
Fig. 4b that have parameters lying along the line sec-
tion: (1.3v0, 3.1v0) is the period 2 mode accessible
(when δ = 0.05).

In carrying out the calculations leading to the dia-
grams of Figs. 1 and 4 we have supposed that regular
external forcing can be well described by a sinusoidal
function (as in (1d)). To test the robustness of this
choice of function we have repeated the calculations
for both saw-tooth and step function periodicity. We
have found that there is no substantial change in the

results obtained provided the “standard deviations” of
the forcing functions are comparable.

3.3. Applications

The bifurcation diagrams of Fig. 1a and b derive
from the study by Kamo and Sasaki [8] of echoviruses
as a causative agent of the aseptic meningitis epi-
demics in Japan. These diagrams show the sensitivity
of the model output to the contact rate β0. With β0 high
(β0 = 1300; Fig. 1b) period 2 is the dominant sub-
harmonic for weak forcing (0.03 < δ < 0.07) while
for much lower β0 (β0 = 500; Fig. 1a) the period 2
mode is not accessible and period 3 is the dominant
subharmonic. In the resonance representation there is
a simple reason for this. As we have seen, in the low
β0 case (Fig. 4a and b), the natural period is about 3
and so the resonance with root p0/2 does not intersect
the line LL (p = 1). This means that the period 2
mode is not excited. With high β0 the natural period is
lower at p0 = 1.7 and hence p0/2 < 1. There is now
intersection with and excitation of the period 2 mode.

The resonance representation also helps to explain
why in particular childhood diseases [7,27,28] only
certain subharmonics appear. In Fig. 5 we have con-
structed resonance and also bifurcation diagrams for
three such diseases: measles, whooping cough and
rubella, based on the SIR model ((1a)–(1d)) using the
pre-vaccination data of Keeling et al. [7] with δ ∼ 0.2.
For measles the natural period is found to be 2.1
(Table 1), suggesting that for measles period 2 is just
about accessible (p0/2 ∼ 1), given the spread in the
resonance at its root, but the base mode is not acces-
sible, having bifurcated to create period 2 (Fig. 5a).
Also, the external forcing is sufficiently strong to
excite periods 3, 4 and 5 and so strong that the in-
tersection of LL with the 3p subharmonic occurs in

Table 1
The natural period for three childhood diseases (data from [7])a

β0 γ p0

Measles 476 28 2.1
Whooping cough 272 16 2.8
Rubella 140 20 4.1

a µ = 0.02; unit: 1 year.
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transitional chaotic mode. Period 2 is the likely system
outcome, close to the natural period of oscillation.

The natural period for whooping cough is 2.8 (with
p0/2 > 1), and hence period 2 is not accessible but
base mode (period 1) is (Fig. 5b). Only the subhar-

monic with period 3 is excited at this level of forcing
but it is not sufficient to stretch the 3p component
enough to intersect line LL (Fig. 5b). An annual cy-
cle is therefore expected for whooping cough. For
rubella (with p0 = 4.1), base mode is also accessible
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but periods 2 and 3 are not since p0/n > 1 for
n = 2, 3 (Fig. 5c). Further, period 4 is not available
when δ = 0.2 (Fig. 5c) and so period 5 becomes the
preferred subharmonic.

For stronger forcing (δ > 0.2) different behaviour
can occur. For rubella, for example, if δ = 0.55 then
the period 4 component is stretched sufficiently to in-
tersect line LL (given the spread in this resonance at
its root) and hence period 4 become active but it has
lower amplitude because the intersection is closer to
the axis. Similarly for whooping cough and period 3.
For measles, for δ ∼ 0.3, behaviour would become
chaotic with large amplitude fluctuations since there
are no periodic modes of oscillation accessible, period
2 having become chaotic. With weaker forcing, it is
also possible to excite new modes of oscillation. For
example, for measles with δ ∼ 0.125 the period 3 cy-
cle becomes non-chaotic to generate a bistable system
with periods 2 and 3. Although period 2 is closer to
the natural period, period 3 can be excited by external
noise, at least during bursts of periodicity. Because, for
measles, p0 is close to but greater than 2 there will be
a supercritical transition to base mode as δ is progres-
sively reduced (Fig. 5a), not the subcritical transition
evident in Fig. 1b.

The diagrams of Fig. 5 also provide an explanation
for the different responses to noise. For measles and
rubella, a variety of subharmonics can be excited, al-
lowing a choice of (at least transient) periodic state
when the system is disturbed by noise. For whoop-
ing cough, however, there is no periodic target subhar-
monic and, as a result, the system appears much more
susceptible to noise.

4. External forcing of nonlinear systems

To support the argument that the hierarchical res-
onance structure is generic to forced nonlinear dif-
ferential equation systems we have analysed a range
of models, more complex than the simple forced SIR
model ((1a)–(1d)). In particular we have looked at: (i)
the SIR model with variable (density dependent) total
population; (ii) the SIRV model [29,30] describing a
vector-borne infection (with both constant and vari-
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Fig. 6. Resonance diagram for the SIR model with density de-
pendent regulation and demographic seasonality. Each resonance
is indexed by the integer pair (m, n). Note the period-doubling on
the (2, 1) resonance (for parameter values see Appendix A).

able total population) (see Appendix A for details);
(iii) a model for macroparasite infection transmitted
through free-living stages [31]. The results show that
the hierarchical structure is robust to these changes
when external forcing acts through the host–infection
interaction term. Forcing through the demographic
terms also produced qualitatively similar resonance
structure, although the system has to be forced much
more strongly to produce the same level of struc-
ture. As an example we show in Fig. 6 the resonance
diagram for the SIR model with external forcing ap-
plied through the natural birth rate (details can be
found in Appendix A). Analysis of a predator–prey
model with environmentally sensitive interaction term
showed that the resonance approach is applicable also
to trophic-web models with more general interaction
terms [32].

The SIRV and predator–prey models are both exam-
ples of a system which can become unstable even in
the absence of external forcing. Since the discussion
so far has been limited to the case where the resonance
structure is based on excitation of otherwise decaying
oscillations, the question arises as to what happens to
this structure if the system is driven when in an un-
stable free mode. To answer this question we show in
Fig. 7 the resonance diagram for the SIRV model for
strong forcing and strong instability. (A similar dia-
gram can be obtained for the predator–prey model.)
The main resonance peaks still dominate the diagram
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Fig. 7. Resonance diagram for the SIRV model with strong instability. Label N denotes non-periodic sections of the resonance curve.
Integer pair: (m, n) indexes the resonances with np the system period (for parameter values see Appendix A).

but there are many other peaks appearing as well. Al-
together, they form a double hierarchy of resonances
indexed by two positive integers (m, n). The resonance
(m, n) is rooted at p = (m/n)p0 and on this reso-
nance the system executes subharmonic motion with
period ps = np(∼mp0). (The highest peaks corre-
spond tom = 1.) Moving along a resonance (from left
to right), the system is entrained as a subharmonic of
the external forcing but beyond the peak the entrain-
ment no longer holds and the amplitude collapses, in
some cases to below that of the natural period of os-
cillations, manifesting destructive interference rather
than enhancement through resonance. The double hi-
erarchy can be traced back to the quasiperiodic oscil-
latory mode adopted by the system when the external
and natural periods are incompatible. The system tra-
jectories then lie on a torus and they never repeat their
path unless the two periods are rationally related, i.e.
there are two integers m, n (with, for convenience, no
common factors), such that p = (m/n)p0. Then the

two periods are synchronised, the system response is
periodic and entrainment is possible [11,33].

Quasiperiodicity first appears in the resonance dia-
gram (for low values of p) as the SIRV model passes
through its Hopf instability surface [4,30] but near that
point the resonance diagram has a structure in all other
respects similar to that shown in Fig. 4. As the strength
of the instability increases (i.e. the distance from the
instability surface increases) the second tier of reso-
nances (with neither m nor n equal to 1) appear and
merge with the existing resonances to form a contin-
uum of successive subharmonic and non-periodic (i.e.
quasiperiodic or chaotic) phases (Fig. 7). The sharp-
ness in the collapse of the dominant resonance peaks
reflects their “breaking-wave” origin.

Comparison of stable and unstable system reso-
nance diagrams (Figs. 4b and 7) might suggest that
only the dominant family p/p0 = m/n with m or
n = 1 is present in the stable case but a closer look
(Fig. 4b) suggests that there are other modes that can
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be excited. Fig. 4b shows additional components C1,
C2 and Fig. 1a “exotic” modes (points A, B) that fit
in with the more general (m, n) hierarchy with neither
m or n equal to 1. Precisely, at point A (Fig. 1a) m =
2, n = 7 (period 7), at point B m = 3, n = 9 (period
9) while for component C1 (Fig. 4b) m = 2, n = 6

Fig. 8. The periodic time-series and power spectra for periodic modes shown in Fig. 1a: (a) period 3 for δ = 0.13 (m = 1, n = 3); (b)
“exotic” period 9 for δ = 0.13 (point B) (m = 3, n = 9); (c) “exotic” period 7 for δ = 0.09 (point A) (m = 2, n = 7). The (normalised)
spectral frequency is calculated as h/100, where h is the horizontal coordinate.

(period 6p) and for C2 m = 2, n = 3 (period 3p).
These values of m, n are determined from the system
period (np) and from the position of the resonance root
((m/n)p0).

Fig. 8b and c shows the time-series for two
of these four “exotic” modes, together with their
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power spectra. They are compared with a “normal”
time-series, with m = 1, n = 3 (Fig. 8a). It is seen
that the highest spectral peak occurs at frequency
100m/n and not 100/n, emphasising the angular rather
than the amplitude periodicity (i.e. the adjacent peak
periodicity rather than the highest peak periodicity in
the time-series).

5. Discussion

We have used two visualisation techniques to study
the behaviour of a range of stable epidemiological
models under external forcing: the bifurcation dia-
gram and the resonance diagram. The bifurcation dia-
gram shows the emergence, with increase in external
forcing parameter δ, of a hierarchy of subcritical sub-
harmonic modes of oscillation. That they have much
larger amplitude than base mode means that substan-
tial amplification of infection levels can take place if
the system is encouraged to switch to a subharmonic
mode. In transition, further amplification can occur if
a subharmonic mode becomes unstable and the system
moves into a chaotic state before finding an alternative
stable periodic mode (e.g. Fig. 2b). We note that even
weak noise can have a dramatic effect on the scale of
the fluctuations. For example, it can turn a chaotic re-
pellor into an attractor, restoring chaos to an otherwise
stable base mode. Noise can also sustain the system
above base mode and, when strengthened, can raise
the system, at least for a time, into a higher subhar-
monic mode even though that mode may otherwise be
unstable.

Although the bifurcation diagram is useful in iden-
tifying the different modes of behaviour of the system
it does not provide much understanding of why these
modes occur and how they fit together. The second
representation, the resonance diagram, overcomes
these problems. It is created by introducing a new
(scaling) parameter, p, for the model parameters and
for time, thereby making the period of external forc-
ing variable. By plotting amplitude against period p
a seascape of resonances is obtained rooted at the
discrete points p = (m/n)p0 where p0 is the natural
period and m, n are integers. Although the system may

be some way from the familiar dominant resonance
(withm = n = 1) it could very easily be in its shadow
or near another member of the resonance family.

For models that are stable when isolated these
resonances are of two types: isolated “spray” compo-
nents representing higher subharmonics and the more
familiar resonances of linear theory distorted by the
nonlinearity, in some cases sufficiently to overlap and
create multiple periodic states. For models that are un-
stable when isolated quasiperiodic modes of oscilla-
tion are present and a complex web of resonant modes
are excited as instability and external forcing are
increased.

Because the relationship between the original dy-
namic model and the resonance diagram is one of
simple scaling one can relate back the properties of
the resonance diagram to the properties of the orig-
inal model by reversing the scaling. One important
point to emerge from the analysis is that it is not
only stochastic external forcing that sustains (other-
wise decaying) natural system oscillations but regular
forcing can also achieve this by its inability to excite
lower subharmonics.

The power of the resonance approach is reflected in
the fact that, once the natural period is known, the res-
onance diagram can be rapidly sketched without the
necessity of extensive numerical calculation since the
shape is generic. From the sketch one can predict what
are the likely states to be excited and hence what the
behaviour of the system will be under external forcing.
The power has been shown in the analysis of models
that describe human diseases. In a further paper we in-
tend to apply the approach to other types of diseases,
illustrating both stable and unstable model situations
and comparing predictions with field data. In particu-
lar we will study the unstable model used by Dobson
and Hudson [31] to test the hypothesis that the cycles
observed in a red grouse population were caused by
a macroparasite with free-living stages. Whether ex-
ternalities can be as important a contributing factor is
clearly a question of some interest.

The resonance approach can be extended to models,
of whatever dimension, that can be suitably scaled.
Indeed it was first introduced in this paper to anal-
yse the two-dimensional SIR model ((1a)–(1d)) and
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subsequently in the analysis of the four-dimensional
self-regulated SIRV model (see Appendix A for de-
tails). We are currently applying the method to look at
more structured epidemiological models, for example
the SIR model with multiple pathogens or pathogen
strains [8] and to externally driven multipatch mod-
els of disease transmission [34]. Equally amenable to
analysis are trophic models with spatial heterogene-
ity [22,23,35] and subject to external forcing. In these
cases there is the possibility of there being more than
one natural period of oscillation, leading to an inter-
weaving of resonance hierarchies.

What we have not attempted in this paper is an
algebraic analysis of the resonance diagram, focus-
ing instead on its qualitative properties. What would
be useful is a formula for the resonance peaks that
would specify the height and the distortion of these
peaks in terms of the model parameters. Such formu-
lae have been obtained, for example, in the analysis
of nonlinear mechanical and electrical systems using
both perturbation and averaging methods [11,25,36].
Typically these systems are much simpler to solve
than the SIR type family of models since the external
forcing is not applied through the nonlinear terms of
the equation. We hope to report on progress with this
problem in due course.
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Appendix A

Fig. 6 shows a resonance diagram for the vari-
ant of the SIR model in which density dependence
(self-regulation) acts through natural mortality and

seasonality through the natural birth rate. Precisely,
the model is defined by the equations

dH

dt
= (a− µ)H − αI, (A.1a)

dI

dt
= β0I(H − I − R)− (µ+ α+ γ)I, (A.1b)

dR

dt
= γI − µR, (A.1c)

µ = µ0 + µ1H, a = a0(1 + δ cos(2πt)), (A.1d)

where H is the total population. Parameter “a” de-
notes the natural birth rate while parameters µ and
α denote the natural and infection-induced mortality
rates, respectively. In Fig. 6 the parameter values are
taken to be

(a0, µ0, µ1, α, γ, β0, δ, p0)

= (1.83, 0.91, 0.0091, 43.34, 2.28, 85.41,

0.40, 0.92).

Fig. 7 shows a resonance diagram for the SIRV model
[29,30] describing a vector-borne infection with sea-
sonality acting through the infection transmission
term. The model is defined by the equations

dH

dt
= rH

(
1 −H

K

)
− αI, (A.2a)

dI

dt
= θβVS − (γ + µ+ α)I, (A.2b)

dR

dt
= γI − µR, (A.2c)

dV

dt
= λI − (c + βH)V, (A.2d)

β = β0(1 + δ cos(2πt)). (A.2e)

Again H is the total host population (with K its car-
rying capacity) while V is the population of infective
agents. Parameter r is the net natural birth rate at
low densities, λ is the rate of host deposition of
free-living stages, c the mortality of these stages and
θ the average success of ingested infective agents
in transmitting the infection. Parameters θ, K and δ
are not scaled in the transformation leading to reso-
nance. In Fig. 7 the parameter values are taken to be:
(γ, µ,K, r, c, α,A, β0, ν, θ, δ, p0) = (0.0045, 0.011,
100.0, 1.0, 3.5, 7.5, 0.664, 2852, 1.0, 0.5, 4.05).
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